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Abstract 

We obtain large time decay estimates on weighted L p spaces, 2 < p < +00, for solutions to 
the wave equation with real-valued potential V(x) = 0((x}~ 2 ~ 5 °), 6q > 0. 



1 Introduction and statement of results 

Let V G L°°(R 3 ) be a real- valued function satisfying 

\V{x)\ <C(x)- 2 - So , VxGR 3 , 



XD 



with constants C > and 5q > not necessarily small, where (x) = (1 + |x| 2 ) 1//2 . Denote by Go 
and G the self-adjoint realizations of the operators —A and — A + V(x) on L 2 (R 3 ). We suppose 
that G has no eigenvalues, which in turn implies G > 0. Moreover, under the assumption (1.1), 
G has no strictly positive resonances (e.g. see [I], 

Given any a > denote by \a 6 C°°(R), Xa > 0, a function supported in the interval 
[a, +00), Xa = 1 on [a + 1/2, +00). It is well known that the solutions to the free wave equation 
satisfy the following dispersive estimate 



G ~e 



< C\t\ 



X2) 



for every 2 < p < +00, where 1/p + 1/V = 1, a = 1 — 2/p. Hereafter, given 1 < p < +00, L p 
denotes the space L P (R 3 ). It turns out that a better decay is possible to get in weighted LP 
spaces. Namely, we have the following estimate (see the appendix): 



(x) 



— aa f-i—OL itx/Gi 



Xa{\fG~Q){x) 



< C\t\ 



-a(l+a) 



\t\ > !> 



;i.3) 



for every a > 0, cr > 0, 2 < p < +00, where 1/p + 1/p' = 1, a = 1 — 2/p. The purpose of this 
note is to prove an analogue of (1.3) for the operator G. Our main result is the following 

Theorem 1.1 Assume (1.1) fulfilled. Then, for every a > 0, 2 < p < +oo ; < a < 5q, the 
following estimate holds 



(x) 



-act q—ol JtVG 



a(VG)(a 



^c^r^iogOL + iii))", |t|>i, 



where 1/p + 1/p' = 1, a = 1 — 2/p, while for a > 5q we have 



(x)- aa G- a " 1 



a(VG)(3 



Lp'^Lp 



< c € \tr a{1+5a - e) , \t\>l, V0<e<l. 
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Remark. It follows from (1.5) that for potentials V(x) = On N J,^N S> 1, we have the 
estimate 



LP ^Lp 



< c N \t\ 



-N 



\t\>l, VW»1, 



(1.6) 



for every 2 < p < +oo and every function ip G Co°(R 3 ). 



The estimate (1.4) with Xa = 1, CT = 0, 2 < p < 4, and without the logarithmic term in the 
RHS, was proved in for potentials V(x) = O ((x)~ 3 ~ e °), £o > 0, and later on extended in [1] 
to non-negative potentials V(x) = O ({x)~ 2 ~ £0 ) , eq > 0. Recently, in |2) an analogue of (1.4) 
with <7 = was obtained for a larger class of short-range potentials. 

To prove Theorem 1 . 1 we follow some ideas from [2] and [3] . The proof is based on a carefull 
study of the operator- valued function 

(x)- a {G - X 2 ±i0)- 1 (x)- a - (x)- a {G - X 2 ±i0)- 1 (x)- a : L 1 -> L°° , A > A > 0, 

together with its derivatives (see Proposition 3.2). This in turn requires sharp estimates for 
the resolvent of the perturbed operator as well as of its derivatives on weighted L 2 spaces (see 
Proposition 2.2). 

Acknowledgements. A part of this work was carried out while the first author was visiting 
the University of Nantes in June, 2004, under the support of the agreement Brazil-France in 
Mathematics - Proc. 69.0014/01-5. 



2 Uniform resolvent estimates 

Given any A>0,0<e<l, define the free resolvent by 

Ro{\ ± ie) = (G - (A ± iefy 1 : L 2 -> L 2 , 

with kernel 



[R (X±ie)](x,y) 



D (±i\-e)\x-y\ 

4tt\x — y\ 



Then the kernel of R Q k) = d k R /d\ k , k > 1, is given by 



[R { k) (X± l e)](x,y) 



( ±? ) fc |~ „.|ft-l_(±tA-e)|s-j,| 



4tt 



f - v\ 



Proposition 2.1 Let s > —1/2, s\ > 1/2, < cr < 1, Ao > 0, and let k > 1 be an integer. 
Then the following estimates hold: 



||(x>- Sl i? (A±;e)(x>- Sl || L2 _ L2 <CX-\ A> Ao, 
\(x)- s R (X±ie)(x)- Sl \\ L2 ^ L2 < cX- l e~ m ^ l l 2 - s+ ^\ X > A , 



(x)- k - s R { k) (X±ie)(x) 



— k— s\ 



< CA- 1 e- max{1/2 - s+e ' 0} , A>A , 



||i? (A±^)(x)- s || L2 ^ LCO < Ce- max ^ 2 - s+e '°\ A > 0, 
R ( 1) (X±ie)(x}- 1 - 1 



< C£ -max{l/2- S+e ,0} A > 0, 



(2.1) 

(2.2) 
(2.3) 
(2.4) 
(2.5) 
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(x)- k+1 -°R { k+1 \\±is)(x)- k - 1 - s 



< A > 0, 



(2.6) 



(x)- s R (X ± is)\\ Ll , 2 < Ce- max{1/2 - s+e ' 0} , A > 0, 



(x) 



- k - 1 - s R ( £ +l \\±ie)(x)- k+l -° 



(2.7) 

< c , £ -m ax {l/2- S+ e,0} ) A > Q) (2.8) 
< (7 e -l+«>in{».«+l/2-e} A > 0, (2.9) 



V0 <£<1, with a constant C = C(e) > independent of X and s, where the estimates (2.4) 
and (2.7) hold for s > onZy. Moreover, the constant C in (2.2) and (2.3) may depend on Xq. 

Proof. The estimate (2.1) is well known and that is why we omit its proof. The estimates 
(2.2), (2.4), (2.5), (2.7) and (2.8) are proved in |3j for s > 0. Here we will provide the proof of 
these estimates (exept for (2.4) and (2.7)) for —1/2 < s < 0. The proof of (2.2) in this case is 
a little bit more involved, while the proof of (2.5) and (2.8) goes in precisely the same way and 
we will present it just for the sake of completeness. 

To prove (2.2) for this range of values of s we will take advantage of the formula 



{x)- s R (X±ie){x} 



R (\±ie)(x) 



-S — Sl 



+ R (X ± ie)[-A, {xy s ]R (X ± ie){x) 



si 



Taking into account that [—A, (x) s ] = Y^=i O ((a 
above represantation 



-s-l\ 



d Xj +0((3 



, we obtain from the 



\(x)- s Ro(X±ie)(x)~^\\ L2 ^ L2 < \\R (X±ie)(xY \\ L ^ 



-s—s\ 



+c 
+c 



R (X±ie)(x)- 1 / 2 - e 
R (X±ie)(x)- 1/2 - e 



(x)- s ~ 1/2+e VR (X±ie)(x)- Sl 
(x)- s - 3/2+e R (X±ie)(x) 



si 



for < e < 1. On the other, it is not hard to see that when s > (2.2) implies 

\\{x)~ s VR (X±ie){x)- Sl \\ L2 ^ L2 < Ce- max ^ 2 - s+t '°\ X > A , 

with a constant C > depending on Ao- Now it is easy to see that (2.2) with —1/2 < s < 
follows from the above estimates and (2.2) with s > 0. 

Let us now see that (2.3) follows from (2.2) by induction in k. Set 



-A := 



-rl\r 



-i 



-d 2 + r- 2 A 



S2, 



where A52 denotes the (positive) Laplace-Beltrami operator on S 2 := {x G R 3 : \x\ = 1}, 
and denote by Go the self-adjoint realization of the operator —A on the Hilbert space H = 
L 2 (R + x S 2 , drdw). Clearly, Go is unitary equivalent to Go, so it suffices to prove (2.3) with Go 
and L 2 replaced by Go and H, respectively. Using the identity 



-2A + [rd r , -A] = 0, 
we obtain the following representation for the first derivative of the resolvent 

£o(A ± is) = (Go - (A ± is) 2 )- 1 : H —> H, 



(2.10) 
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namely 

(A ± ie){r)- k - s R ( o\\ ± i£)(r)- k - si = -(r)- k - s Ro(X ± ie)(r)- fe - si 
+ (r)" fe ~ s J R (A±ie)a r r(r)- fc - Sl - (r)- fc - s rd rJ R (A ± ie)(r)- fc - Sl . 
Differentiating this identity k — 1 times with respect to A leads to 

(A ± i£)(r)- k - s R { k \x ± ie)(r)- fc - Sl = -2(r)- fc -*^ fc_1) (A ± ie)(r)- fc - Sl 

+ (r)- /c - s ^ 1) (A ± ie)9 r r(r)- fe - Sl - (r)-*"'^^"^^ ± ie)(r)- fc - Sl . 

On the other hand, it is easy to see (for example, this follows from the estimate (2.22) below 
obtained in a more general situation) that (2.3) with k — 1 implies 



(r)- k - s rd r R y ^ 1> (X±ie){r) 



(fe-i). 



-k—si 



< C £ -max{l/2- S +6,0} ) A > A , 



with a constant C > depending on Ao- Therefore, the estimate (2.3) with k — 1 implies (2.3) 
with k. 

To prove (2.5) for —1/2 < s < observe that we have 



R ( o ) (X±i£)( X y 



-1-s 



L 2 ->L°° 



< sup A s (x,e), 



where 



l<M/2 



l>N/2 



A a (s,e) = / e- 2 ^-y\{y)- 2s - 2 dy-- 

< e- £ l x l / (yy 2s ~ 2 dy + C [ e -2e|*-wl (x - y)~ 2s - 2 dy 

J\v\<\x\/2 J\y\>\x\/2 

r\x\/2 poo 

<Ce~ £ W {p + l)- 2s dp + C e~ 2£ P{p + l)- 2s dp 

Jo Jo 

roc 

< C'e- £ \ x \(\x\ + l)- 2s +! + C' \ e- 2£ P{p- 2s + l)dp < C"e- 1+2s . 

Jo 



The estimate (2.8) is obtained in precisely the same way. 
In what follows we will prove (2.6) and (2.9). We have 



(x)- k+1 -°R ( k+1) (X±ie)(xy 



■k-l-s 



< sup B s tTk (x,e), 



X6R3 



where 



B B ^{x,e) = (x)- 2 °- 2k + 2 [ \x-y\ 2k e- 2£ \*-y\{yy 

Jr. 3 



2s-2k-2 



dy 



{x) -2a-2k+2 f + , x) -2a-2l, + 2 
J\v\<\x\/2 



< C(x)- 2a - 2k+2 \x\ 2k e- £ W f ( y y 

Jw 



I 

J\y\>\A/2 

dy + C ( e- 2£ \ z \{zY 
Jb? 



2s~2 



dz 



-2s-2k-2, 

y i 

'|y|<W/2" 

< (j £ 2c-2 _|_ (j £ ~2max{l/2-s+e,0} 

VO < e <C 1, uniformly in x. The estimate (2.9) is obtained in precisely the same way. 



□ 
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Define the perturbed resolvent by 

R(X ± ie) = (G - (A ± ie) 2 )- 1 : L 2 -» L 2 , 

and denote R( k \X±ie) := d k R(\ ± is) / d\ k , k > 1. Let fco > be the bigest integer strictly less 
than #o, and set S' = do — k^ > 0. 

Proposition 2.2 Under the assumption (1.1), for every Xq > 0, s > —1/2, sx > 1/2, A > Ao, 
< e < 1, t/ie following estimates hold: 

\\(x)- s R(\±ie)(x)- Sl \\ L2 ^ L2 < C e A _1 £~ max {V2-s+e,o} ^ (2J1) 

(x)- fc - s i? (fe) (A±ie)(x)- fc ~ Sl <C7 e A- 1 e- n,ax{1/2 -* +e ' >, fc = 1, fc + 1, (2.12) 

(x)- ko - 2 - s R ( - ka+2 \x±ie)(x)~ ko ~ 2 - s < c r e A- 1 e - 1 +» Bi »{*+ 1 /2-«.i' } ) (2.13) 
V0 < e <C 1, where the constant C 6 > may depend also on Xq. 

Proof. Clearly, it suffices to prove (2.11) and (2.12) for 1/2 < si < (1 + S' )/2. We are going 
to take advantage of the identity 

(xyi-SRiX ± ie)(x)^'- Sl (1 + i^(A ± ie)) = {x)- J ~ s R (X ± ie^x)-' - * 1 , (2.14) 

where < j < fco + lj an d the operator 

Kj(X ± ie) = (x) j+Sl VR (X ± ie)(x)-^ Sl 

takes values in the compact operators in C(L 2 ). By (2.1), we have 

\\Kj(X ± ie)|| L 2^ L 2 < CA" 1 < 1/2, (2.15) 

for A > Ao, < £ < 1, with some Ao > 0. Hence, for these values of A we have 

Ul + K j (\±ie)y 1 \\ L 2^ L 2<C, (2.16) 

with a constant C > independent of A and s. Moreover, since the operator G has no strictly 
positive real resonances, it is easy to see that in fact (2.16) holds for every Ao > with a constant 
C > depending on A . Then (2.11) follows from (2.2), (2.14) and (2.16). 
Differentiating (2.14) j times, we get 

(x)- j - s R^(X ± ie)(x)~ j - Sl (1 + Kj(X ± ie)) = (x)- j - s R%\x ± ie)(x)- j - Sl 

- /3u,j(x)- j - s R (u \X ± ie)(x)- v - Sl 1/(x) y+Sl i?^ i/) (A ± ie)(x)^'- Sl . (2.17) 

Now it is easy to see that (2.12) follows by induction from (2.16) and (2.17) combined with (2.3) 
and (2.11). 

To prove (2.13) we will proceed in a way similar to that one in Denote by G the self- 
adjoint realization of the operator —A + V on the Hilbert space H introduced above. Clearly, 
G is unitary equivalent to G, so it suffices to prove (2.13) with G and L? replaced by G and H, 
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respectively. Using (2.10) we obtain the following representation for the first derivative of the 
resolvent 

R(X ± ie) = (G - (A ± ie) 2 )' 1 : H -> H, 

namely 

(A ± ie)(r}- 2 - k °- s R^(X ± ze)(r)- 2 - fc °- s = -( r )- 2 - k "- s R(X ± ie)(r)- 2 - fc °- s 

+(r)- 2 - fe °- s J R(A ± ie)5 r r(r)- 2 - fc °- s - (r)- 2 - fe( >- s rd r i?(A ± z £ )(r)- 2 - fe °- s 
+( r )-2-fco- s ^( A ± ie )5 rr y^(A ± ie){r)- 2 - k °- s 

-(r)- 2 - k °- s R(X ± ie)Vr$.£(A ± i£)(r)- 2 - fe °- s 
+( r )-2-*o-* j R( A ± i £ )y j R(A ± ie)(r)- 2 - fc °- s . (2.18) 
Differentiating (2.18) &o + 1 times with respect to A leads to 

(A ± ie)(r}- 2 - k °- s R (k " +2 \X ± z £ )(r)- 2 - fe °- s = -2(r)- 2 - fc( >- s i?( fe(,+1 )(A ± ie)(r)- 2 - k °- s 

+(r)- 2 - k °- s R( ko+1 \X ± ie)d r r(r)- 2 - fc °- s - (r)- 2 - fec) - s rd rJ R (feo+1) (A ± ie)^)- 2 -* 0-8 
fco+l 

i/=0 
fco+l 

- J2 a v {r)- 2 - k °- s R^> +1 - u \X±ie)Vrd r R M (X±ie){r)- 2 - k °- s 



u=0 



+ E a I/ (r)- 2 - fe °- s J R( feo+1 - I/ )(A±z£)F J R^(A±^)(r)- 2 - fco - s 

i/=0 

By (2.19), we obtain 

| A ± ie\ ( r .)-2-feo-^(feo+2)( A ± ie )^ r )-2-fco-« 



(2.19) 



+C \\b s+ko+1 (r)d r R^ +1 \X ± ie)(r)- 



2— fco - s 



< c 
+ c 



^-2-fco-»_ R (fco+i)^ A ± i e )( r )-2-fco-- 

(r) -2-fc - SjS (fc 0+ i) (A ± ie) a r 5 s+fco+l(r ) 



fco+l 



i/=0 



fco+l 



+C E |<r)- 2 - fc °- a 12 (, ' ) (A±ie)<r)- 80 - ,/ 6 so+jko+1 _ I/ (r)5 r i?^ +1 -^(A ± ^(r)" 2 "^- 5 



u=0 
k +l 



+ C E ||(r)- 2 - fe °- s J R^)(A ± ze){r) 

v=0 



-so—v 



where b s (r) = r(r) 1 s , sq = Sq/2, and || • || denotes the norm on C(H). 
Given any / 6 H, the function u = R(X ± ze)/ satisfies the equation 



(2.20) 



(_ 5 2 + r -2 As2 + y _ (A ± . £)2 ^j u = /? 
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so we have 

(-3 2 r + r~ 2 A 5 2 +V-{\± ie) 2 ) b s (r)u = b s (r)f + [-d 2 ., b s (r)]u. 
Integrating by parts yields, V7 > 0, 

\\d r (b s (r)u)\\ 2 H <(c 1 + \X±ie\ 2 ) \\(r)- s u\\ 2 H 

+ \(bs(r)f+[-d 2 ,b s (r)]u,b s (r)u) H 
< (C 2 + \X± ie\ 2 ) \\(rr s u\\ 2 H + C 3 \\b s (r)f\\ 2 H + 7 2 jriry^-d 2 , b s (r)]u 
< (C 4 + |A ± ie\ 2 ) \\{r)- s u\\ 2 H + C 3 \\b s (r)f\\ 2 H + 0( 7 2 ) \\b s (r)d r u\\ 2 H . 

Hence, 

\\b s (r)d r u\\ H < \\d r (b s (r)u)\\ H + C\\(r)- s u\\ H 
<(C + \X± ie\) \\(r)~ s u\\ H + C\\b s (r)f\\ H + 0(7) \\b s (r)d r u\\ H , 
which, after taking 7 small enough, gives 

\\b s (r)d r u\\ H < C (1 + |A ± ie\) \\{r)- s u\\ H + C\\b s (r)f\\ H . (2.21) 

By (2.21) we get, for j = 0,1,.., 

b s+j (r)d r R( j \\ ± ie)(r)- 2 - fc() - s < C(l + |A ± ie|) (r)~ j ~ s R^\\ ± ie)(r)- 2 - fct, - s 

+C|A±ie| (^^'-"^'-^(AiieXr)- 2 -* -* , (2.22) 

where (A ± ie)^(- 1 )(A ± ie) := Id. By (2.20) and (2.22) combined with (2.11) and (2.12) we 
obtain 



|A ± ie\ \\(x)- 2 - k °- s R( ko+2 \\ ± ie)(x)- 2 - k °- s 
which clearly implies (2.13). 



□ 



3 Time decay estimates 

Given parameters A 3> a > 0, choose a function ?/>a,A G Co°([a, A]) such that 

dfa a , A (y)\<c k , vfc>o, 

with a constant > independent of A. For 2 6 C, set 

*A,z(t) = <x)-"G-V^m(v^)(s>- < " - (x)"^Go Z e^Va,A(y^)(x)-^. 

Theorem 3.1 Under the assumption (1.1), for every a > 0, 2 < p < +00, A S> a, < a < 5o, 
we have 

\\*A,a(t)\\ LP ^ LP ^C^r 1 -* log A)*, \t\>l, (3.1) 

with a constant C > independent of t and A, where 1/p + 1/p' = 1, a = 1 — 2/p. 
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Proof. We will first prove (3.1) for p = +00, p' = 1. We have 

POO 

*A,z(t)= e itx X 1 ~ 2z ^ aA (X)T(X;az)dX, (3.2) 
J 

where z G C, Rez = 1, and 

T(A;ctz) = (niy 1 (T + (X;az)-T-(X;az)) , 

T^A; az) = {x)- az {R{\ ± iO) - i?o(A ± iO)) (x)- CT2 
= (x)-^i? (A ± iO)y j R (A ± iO)(x)~ az + (x) _<T ^i? (A ± iO)VR(X ± iO)Vi? (A ± iO)(x)-^. 
Denote by jo > the bigest integer strictly less than a, and denote a' = a — jo > 0. 

Proposition 3.2 Under the assumption (1.1), if < a < 5q the operator-valued functions 
T ± (X;az) : L 1 — > L°° satisfy the estimates 

KT^Aj^lUi^oo <C, A>A , i = 0,l,...,j + l, (3.3) 

||^ 0+1 T ± (A 2 ;az)-^ 0+1 r ± (A 1 ;az)|| Ll _ +iO o <C|A 2 -AiK, A 2 ,Ai > A , (3.4) 

VAo > t/ffii/i a constant C > which may depend on Xq but is independent of X, Ai, A 2 and 2. 
If a = So we have (3.3) and (3.4) with jo = ko and V0 < a' < S' . 

Proof. Let first < a < 5q. This implies jo < k . For every integer j > we have 

^(A;^) 

E a UuU2 ^(x)- az d u x 1 Ro(X±iO)Vd u x 2 R(X±iO)Vd^R (X±iO)(x)- az 
+ E /3M 1 ^(^) _,T ^A 1 ^o(A±iO)yaf^o(A±iO)(x)-^ 

(A;e)+ E 6 

(A;e). (3.5) 

Let j < jo + 1- Applying (2.4), (2.5), (2.7), (2.8) with s > 1/2, (2.6) with fc = 1^ - 1 (when 
1/1 > 2), (2.7) with fe = 1/3 — 1 (when 1/3 > 2), and (2.11), (2.12) with fc = i/ 2 , s > 1/2, we get 

11^1,^2,^3 (A; e) || li-kL 00 < C> (3-6) 

with a constant C > independent of A and e. Clearly, a similar estimate holds for B W)M2 (A; e), 
and hence (3.3) follows. 

To prove (3.4) it suffices to show that 

\\d{ 0+2 T ± (X±ie;az)\\ L ^ < Ce' 1 ^' . (3.7) 

Indeed, (3.7) implies, V0 < e < 1, 

K 0+1 T ± (A 2 ±z£;(7z)-^ 0+1 r ± (A 1 ±z £ ;(7z)|| i i^ i oo < C|A 2 - A^- 1 ^', 

\\^ +1 T ± (X k ±ie;az)-&° +1 T ± (X k] az)\\ L ^ Lx < Ce°' , k = 1,2, 
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which yield, VO < e < 1, 

\\d^ +1 T ± (X 2 ;az) - cP^T^-az)^^ < Ce°' (2 + |A 2 - Axle- 1 ) . 



(3.8) 



Thus, (3.4) follows from (3.8) by taking e = |A 2 — Ai|. 

To prove (3.7) we will make use of (3.5) with j = jo + 2. If jo < ko we have j < ko + 1 
and hence this case can be treated in the same way as above to get (3.7) with a' = 1. Let now 
jo = k . Then, since a < 6 , we have a' < S' Q . Using (2.4), (2.7) with s = 1/2 + e, < e < 1, 
and (2.13) with s = <5 — 1/2 — e, we obtain 



Po,io+2,o(A;e)|| 



< c 



i?o(A±i£)(x) 



{x) -2-k -S' 0+ l/2+e R (k 0+ 2) {x ± . £)(x) -2- fco -^+l/2 +e 



L 2 ^L 2 



-1/2-e 

(x)- 1/2_e i2o(A±ie) 



L 1 — +L 2 



(3.9) 



provided e > is taken small enough. Using (2.5), (2.7) with s = 1/2 + e, and (2.12) with 
k = ko + 1, si = 1/2 + S' — e, s = 8' — 1/2 — e, we obtain 



L 2 ^L°° 



^-l-fco-^+l/2+ efl (fco+l) (A±ie) ^-2-fco-«J+l/2+. 



(x)- 1 / 2 - e R (X±ie] 



L^L 2 

(3.10) 



and similarly for Aoj +i,i(\; e). Let now v\ = jo + 2. Using (2.6) with k = jo + 1, cr = a', 
s = <% - 1/2 - e, (2.7) with s = 1/2 + e, and (2.11) with s = si = 1/2 + e, we obtain 



IA'o+2,o,o(A;e)|| L i^ Loo < C 



(x)-^- CT '4 j0+2) (A ± i e )<x>^- 2 -*o +1 / 2+e 



L 2 ^L c 



(^-^-^(AiieXrr)- 1 / 2 



L 2 -»L 2 

< Ce- 1+CT ', 



L 1 — »L 2 



(3.11) 



and similarly for v4o,oj +2(A; e). Let now v 2 < jo, v\ < jo + 1, 1/3 < jo + 1. This implies 
^1 + ^3 > 2, i/ 2 + ^3 > 1, i>2 + ^1 > 1- As above we have 
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^1,^2,^3 



(A; £ )|| L1 



L 1 — >Z/ C 



< C 



(^-^-'^(A ± i e )(x)-^-^- a o +1 / 2 + e 



L 2 ^L°° 



^-^-^-^^^(Aize)^ 



,-1^2-1/2-e 



L 2 ^L 2 



L^L 2 



(3.12) 



It follows from (3.9)-(3.12) that the first sum in the RHS of (3.5) is O ■ In the same way 

it is easy to see that the second sum satisfies the same bound, and hence (3.7) follows. When 
a = So, as above one can show that (3.7) holds with any < cr' < S' . □ 
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We will first consider the case of < a < 5q. Let 4> 6 Cq°([1/3, 1/2]) be a real-valued 
function, <\> > 0, such that / 4>(y)dy = 1. Then, the function 

Tf{\;az) =e _1 / ^(A - y; az)4>(y/e)dy, < e < 1, 

is smooth with values in C^L 1 ^ 00 ) and, in view of (3.3) and (3.4), satisfies the estimates 

\\d{T±(\;<jz)\\ L i^ L ~ <C, j = 0, 1, jo + 1) (3.13) 
K° +1 T±(A;<xz) - ^ +1 2*(A;<tz)|Ui^. 
< £ -iy ||^+ 1 r ± (A;az)-^ +1 T ± (A-y;az)|| Ll _ >L00 ^/ e )^ 

< Ce- 1 J y a '<f>(y/c)dy = 0(e°'). (3.14) 

Let us see that we also have 

\\^ +2 T±{\-oz)\\ L ^ L ~ < Ce- 1+CT '. (3.15) 

Given any < e < 1, define 

I?(\±ie;az) = e" 1 J T ± (X±ie - y;az)<j)(y/e)dy. 
In view of (3.7), we have 

\\&>° +2 T±(\±ie-,az)\\ L i^ L o a < Ce- 1+ °', (3.16) 
with a constant C > independent of A, e and e. On the other hand, 

\\d^\ ± (\± l e;az)-d{ 0+2 T±(\-,az)\\ L ^ LOC 

< ^ J K° +1 ^(A -y±is- az) - ^° +1 T±(A - y; az)^^' {y / e)\dy 

< Ce a 'e~ 2 J \<j)'{y/e)\dy < Ce^e' 1 . (3.17) 

By (3.16) and (3.17), 

\\dj° +2 1?(\;vz)\\ L i^ Loo < Ce-'ie-' + e- 1 ), 

which implies (3.15) if we take e = e. 
Integrating by parts we obtain 



roc / \ 

(ity° +1 <f> A , z (t) = I e^^- TT (A 1 - 2 ^a,A(A)T(A;az))ciA 

= E>| e {^ 2Z ^,aW) din\, az)d\ 
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•70 r oo r ] 



00 , +i d ( d? 0+x ~ v 



u=0 
roo 



X 1 - 2 ^ aA (X))d u x T(X;az) ) dX 



roo 

+ / e ia A 1 - 2 ^a,A(A)^ 0+1 T(A;az)(iA := h(t) + I 2 (t). 
Jo 

In view of (3.3) we have 



nwilzi_^ac ^Cltr^^logA 
On the other hand, by (3.14) we get 

"X l - 2z ^ aA {X) {^^{X-az) - d> x 0+1 T±(\;az)) dX 
< Ce a ' J X- l \ip aA (X)\dX < Ce a ' log A 



(3.18) 



jtx ■ 



(3.19) 



By (3.15) we get 



'X 1 - 2z ^ A (X)^ +1 T^(X;az)dX 



r 1 l°° e itx — 
1 dX 







(A 1 - 22 Va,A(A)5i 0+1 T f ± (A; C Tz)) dX 
Taking e = we deduce from (3.19) and (3.20), 

\\h(t)\\ L ^L°° <C\t\-^(z)logA. 

By (3.18) and (3.21), 



l,-l+o- 



<C\t\- l e~ l+a (z)\ogA. (3.20) 

(3.21) 

||*A,zW[| £ i^ L oc < C|i|- 1-a (^ 0+2 log A (3.22) 
Vz G C, Rez = 1. On the other hand, we have the trivial estimate 

\\*A,z(t)\\ L ^V ( 3 - 23 ) 
\/z G C, Rez = 0. Now (3.1) follows from (3.22) and (3.23) by analytic interpolation. □ 

Let f G Co°([l/2, 2]), independent of the parameter A For z G C, set 

F A>z (t) = {x)- az G- z e ity ^(p(VG/A){x)~ az - {x)-" z Gq V^p(VGoM)(s)-°* 

The following proposition is proved in [3] for potentials V(x) = O ((x)^ 1 ^ 60 ) , eq > 0. 

Proposition 3.3 For every 2 < p < +00, \t\ > 1, A > 1, toe have 

\\F A , a (t)\\ LP ^ LP <C\t\ 2 /PA~^, (3.24) 

with a constant C > independent of t and A, where 1/p + 1/p' = 1, a = 1 — 2/p. 

We are going to show now that Theorem 3.1 together with Proposition 3.3 imply Theorem 
1.1. Choose a function tp G Co°([l/2, 1]) such that / <p(y)dy = 1, and denote <pi(y) = y<p(y)- 
For i> 1 we can write 

Xa(y) = 4>A,a(y) + VA(y), (3.25) 
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-2/p 



(3.26) 



where 

r+oo 

^,a(y) = Xa(?/)^ / <p(T/A)dT, 

J y 

r) A (y) = A' 1 I* <p(r/A)dT = f <fi(sy/A)s~ 1 ds. 
Jo Jo 

In view of (3.24), since p < +00, we have 

Ux)- <Ta G- a ^ tVS r l A(VG){x)- ffa - {x)- aa G^ ^"^(^(i) 

< C\t\ 2 /?A- 2 /r f 1 s^^ds < C\t\ 2 ' p A 
Jo 

Combining (3.25), (3.26) and (3.1) we get 

\(x)-™G- a e u ^ Xa (VG)(x)-™ - (xr^Go a e u ^>Xa(VG~o)(x) 

< C (\t\- 1 - ff log A) a + C'\t\ 2/p A- 2 / p , 

for every A>1. Now (1.4) follows from (3.27) by taking A = (\t\ + l) k with k > big enough, 
together with (1.3). Note finally that (1.5) follows in the same way by observing that when 
a = S (3.21) holds for every < a' < 5' . □ 

Appendix 

In what follows we will derive (1.3) from (1.2). Denote by r](x,t) the characteristic function 
of the set {\x\ < |£|/4}. Indeed, it is easy to see that (1.3) follows from (1.2), the fact that the 
operator Xa{\fG~o) is bounded on L p , 2 < p < +00, and the following estimate 

\ v G^e u ^ X a(VG~o)v\\ Lpl ^ LP < C N \t\~ aN , \t\ > 1, (Al) 

for every integer N > 1 and every 2 < p < +00, where 1/p + l/p' = 1, a = 1 — 2/p. To prove 
(A.l) observe that the kernel, K z (x,y;t), of the operator r]GQ Z e tt ^°Xa(VGo)ri, z G C,Rez = 1, 
is given by the oscilatory integral 



lp — > LP 



(3.27) 



K z (x,y;t) =r ] (x,t)r ] (y,t)(27r)- 3 
= i 1 (x,t)r ] {y,t)(2^ 



Jt\£\-i{x-y,t)\c\-2z 



R 3 



S 2 JO 



c N r](x,t)r](y,t)(t - (x - y,w)) 



-N 



e ip{t - {x - y ' w)) p 2 - 2z X a(p)dpdw 

e ip(t-(x-y,w)) d N ^ p 2-2z Xa ^ df)dw 



Hence, 



\K z (x,y-t)\<C' N \t\- N J^\d^ (p 2 ~ 2z Xa( P ))\dp<C N (z) N \t\- N , (A.2) 
for every integer N > 2. By (A.2) we obtain 



vG z e u ^Xa(VG~o)ri 



<C N (z) N \t\- N , \t\>l, 



L 1 —tL° 



(A3) 



for every integer > 2, z € C,Rez = 1. Now (A.l) follows from (A. 3) by analytic interpolation. 
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